
PHYSICAL REVIEW A 66, 043814 ~2002!
Highly nondegenerate all-resonant optical parametric oscillator

A. B. Matsko, V. S. Ilchenko, A. A. Savchenkov, and L. Maleki
Jet Propulsion Laboratory, California Institute of Technology, 4800 Oak Grove Drive, Pasadena, California 91109-8099

~Received 9 April 2002; published 30 October 2002!

We show that a nondegenerate multifrequency parametric oscillator has different properties compared with
the usual three-wave parametric oscillator. We consider, as an example, a scheme for a resonant cw monolithic
microwave-optical parametric oscillator based on high-Q whispering gallery modes excited in a nonlinear
dielectric cavity. Such an oscillator may have an extremely low threshold and stable operation, and may be
used in spectroscopy and metrology. The oscillator mimics devices based on resonantx (3) nonlinearity and can
be utilized for efficient four-wave mixing and optical comb generation. Moreover, the oscillator properties are
important to better understand the stability conditions of long-baseline interferometers with movable mirrors
that are currently used for gravity wave detection.
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I. INTRODUCTION

Optical parametric oscillators~OPOs! have been exten
sively studied since the discovery of lasers@1–3#. Properties
of OPOs are well understood by now@4–6#. The cw-OPO is
considered as an ideal device that can generate a broad
of wavelengths. Because of their reliability and excellent s
bility cw-OPOs are widely used, for example, in frequen
chains@7,8#, optical frequency comb generators@9–12#, and
for preparation of nonclassical states of light@13#.

One of the most restrictive conditions for efficient par
metric oscillations is the phase-matching conditions. Si
the index of refraction in nonlinear materials strongly d
pends on the frequency, it results in the breakdown of
momentum conservation for pump and generated field p
tons propagating in a bulk material. Thus, periodically po
materials are often used to fulfill the phase-matching con
tion @4#.

The parametric processes may be a useful approach i
important fundamental and practical problem, namely
coupling of fields with significantly different frequencie
such as a microwave field and light. However, the realizat
of phase matching for strongly nondegenerate parametric
teractions is especially complicated. For example, the in
of refraction of LiNbO3 differs more than a factor of 2 fo
light and microwave fields. A particular solution of this pro
lem was recently proposed and realized for tetrahertz op
frequency comb generators@10# and tetrahertz wave para
metric sources@14,15#, all for a planar geometry of the non
linear crystal.

A possibility of phase matching for light confined in whi
pering gallery modes and microwaves was studied in R
@16–22#. Here, an efficient resonant interaction among op
cal whispering gallery modes and a microwave mode w
achieved by engineering the geometry of a microwave re
nator coupled to a dielectric optical cavity. To achieve t
intended interaction, the optical cavity and the microwa
resonator were pumped externally. The outgoing light w
modulated as the result of the interaction.

In this work, we show that parametric interaction amo
waves with substantially different frequencies may sign
cantly differ from the usual OPO behavior. We theoretica
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study two closely related examples: a nondegenerate O
that converts light into light and microwaves, and an opti
parametric process that converts light into light and mir
motion in long-baseline interferometers with moving mirro
@23,24#.

Both examples involve an optical cavity that has a lar
number of nearly equidistant modes. Each pair of th
modes may interact via the microwave field. As a result,
generation of two light fields with a frequency differenc
equal to twice the frequency of the microwave field is po
sible. This process resembles the four-wave mixing p
cesses inx (3) media@6#, where Stokes and anti-Stokes field
are generated from a single coherent pump field@25#.

We also show that the system may be used for the g
eration of a comb of harmonics if a two-frequency optic
pumping field is used. Unlike the usual comb generat
based on the parametric interactions@9–12#, our system does
not need the application of a microwave field. The generat
of harmonics occurs in a manner similar to harmonic gene
tion in resonantx (3) media@26,27# and in stimulated Raman
scattering in droplets withx (3) nonlinearity @28–31#. The
two-frequency pumping field leads to the generation of
microwave field. The microwave field interacts with th
pump and creates equally spaced harmonics. The proce
most efficient when~i! the frequency difference for the two
frequency pump light corresponds to the resonant microw
frequency, and~ii ! the spectrum of optical modes is equidi
tant. Both of these conditions may be satisfied in practic

The optical properties of the strongly nondegener
OPOs are similar to the properties of the usual atomic
molecular resonant structures. Indeed, our parametric sys
has narrow and stable resonances and can produce a
wave mixing process, as well as generating a multiharmo
field. Hence, we might say that we have a model as an ‘
tificial atomic structure.’’ However, our system is not ‘‘non
linear enough,’’ it has no spontaneous emission, and, th
fore, it has many differences compared to a ‘‘natural atom
Some of these similarities and differences are discusse
the paper.

Our theoretical analysis is rather general. As an exam
of its application to a realistic system we consider an O
based on high-Q whispering gallery modes, and propose
©2002 The American Physical Society14-1



rt
th

ve
a

ce
g

n
o
m

nc
a
b

ity

el
so
o
th

ld
p
na
lit
PO
ve
ic
, i.
d

st
us
m
fo

t
uc

nt
ifi-
p-

fre-
e

w
. III,
the
all-
ec.
.

ent
ia-

s of
e

so-
nly
ey

al
e
r

r

,
ial

r

, ap-
ced
ge
ese

de
ity
in

MATSKO et al. PHYSICAL REVIEW A 66, 043814 ~2002!
configuration for a solid-state monolithic OPO that conve
light into light and microwaves. We suggest to design
shape of the microwave resonator as in Ref.@18# and show
that light modulation may appear without any microwa
pumping. The microwave field is generated from vacuum
a result of the parametric interaction.

We assume that the pump laser radiation is introdu
into a z-cut LiNbO3 spheroid optical cavity via a couplin
diamond prism~see in Fig. 1!. The oblate spheroid cavity
shape is essential to obtain a large free spectral ra
@17,32#. The optical cavity is placed between two plates
the microwave resonator. The resonant frequency of the
crowave field can be adjusted to fit the frequency differe
between the optical modes by changing the resonator sh
The spectrum of the dielectric cavity may be engineered
changing the profile of the index of refraction of the cav
material as well as the cavity shape@33#.

Due to thex (2) nonlinearity of LiNbO3, the modes of the
microwave resonator and the optical cavity are effectiv
coupled. This coupling increases significantly for the re
nant tuning of the fields due to the high quality factors
modes of optical cavity and microwave resonator, and
small mode volumes@34–37#.

We show that with this OPO configuration the thresho
of oscillation is as low as a few microwatts of light pum
power for realistic parameters, and the stability of the sig
may be better than that of the pump due to high qua
factor of the whispering gallery modes. Therefore, this O
holds both a promise for an efficient optical microwa
modulator and may be used as a light source for opt
frequency measurement and high precision spectroscopy
for atomic clocks@38,39#, where small size of the device an
low power consumption are important.

The problem of strongly nondegenerate parametric in
bility also arises in a long-baseline interferometer with s
pended movable mirrors. The nonlinearity has a pondero
tive origin there. Such interferometers are currently used
the detection of gravity waves@23,24#. Here, in contrast to
the case of an OPO mentioned above, a low threshold of
oscillation is a disadvantage because it substantially red

FIG. 1. Optical-microwave parametric oscillator. Inset: si
view of the optical dielectric cavity. The boundaries of the cav
coincide with the boundaries of a spheroid, shown by dashed l
04381
s
e

s

d

ge
f
i-
e
pe.
y

y
-
f
e

l
y

al
e.,

a-
-
o-
r

he
es

the detection sensitivity. We show that for an equidista
spectrum of an interferometer, the threshold may be sign
cantly increased. Ideally, if all parasitic modes are su
pressed the interferometer might be stable even if the
quency of the oscillation of a mirror coincides with the fre
spectral range of the optical cavity.

The paper is organized as follows: In Sec. II, we revie
the main properties of the usual three-mode OPO. In Sec
we discuss the four-mode OPO. In Sec. IV, we study
conditions for the generation of a frequency comb in an
resonant OPO with two-frequency optical pumping. In S
V, we discuss the stability of a cavity with moving mirrors

II. DOWN-CONVERSION OF LIGHT INTO LIGHT
AND MICROWAVES

Let us consider the nonlinear interaction of a coher
laser radiation, microwave field, and generated light rad
tion ~pump, idler, and signal, respectively!. The pump and
the signal waves are nearly resonant with different mode
an optical nonlinear dielectric cavity, while the microwav
field is nearly resonant with a mode of the microwave re
nator coupled to the dielectric cavity. We assume that o
two modes of light and a single mode of the microwave ob
to the resonant condition.

The Hamiltonian describing this system is~see, for ex-
ample, Ref.@40#!

Ĥ5\vaâ†â1\vbb̂†b̂1\vcĉ
†ĉ1\g~ b̂†ĉ†â1â†b̂ĉ!,

~1!

where va and vb are the eigenfrequencies of the optic
cavity modes,vc is the eigenfrequency of the microwav
resonator mode,â, b̂, andĉ are the annihilation operators fo
these modes respectively,

g54pva

x (2)

ea
A2p\vc

ecVc
F1

VEV
dVCaCbCcG ~2!

is a coupling constant,x (2) is the electro-optic constant fo
the material of the dielectric cavity,V is the whispering gal-
lery mode volume,Vc is the volume of the microwave field
Ca , Cb , andCc are the normalized dimensionless spat
distributions of the modes.

Using Hamiltonian~1!, we derive equations of motion fo
the field operators:

ȧ̂52 ivaâ2 igb̂ĉ, ~3!

ḃ̂52 ivbb̂2 igĉ†â, ~4!

ċ̂52 ivcĉ2 igb̂†â. ~5!

We consider an open system. To describe such systems
propriate decay and pumping terms should be introdu
into Eqs.~3!–~5!. The decay with necessity leads to leaka
of quantum fluctuations into the system. To describe th
fluctuations we use the Langevin approach@3#.

e.
4-2
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Let us introduce slowly varying amplitudes for the mo
operators as follows:

â5Ae2 iv0t, b̂5Be2 iv2t, ĉ5Ce2 ivMt, ~6!

wherev0 is the carrier frequency of the external pump of t
modeâ, v2 , andvM are the frequencies of generated lig
and microwaves, respectively. These frequencies are d
mined by the oscillation process and cannot be contro
from outside. However, there is a ratio between them,

v05v21vM . ~7!

The equations for the slow amplitudes of the intracav
fields follow from Eqs.~3!–~5!:

Ȧ52GAA2 igBC1FA , ~8!

Ḃ52GBB2 igC†A1FB , ~9!

Ċ52GCC2 igB†A1FM , ~10!

where

GA5 i ~va2v0!1g,

GB5 i ~vb2v2!1g,

GC5 i ~vc2vM !1gM .

FA , FB , and FC are the Langevin forces,g and gM are
optical and microwave decay rates, respectively.

The Langevin forces are described by the following no
vanishing commutation relations:

@FA~ t !FA
†~ t8!#5@FB~ t !FB

†~ t8!#52gd~ t2t8!, ~11!

@FC~ t !FC
† ~ t8!#52gMd~ t2t8!,

and average values

^FA&5A2gWA

\va
, ^FB&5^FC&50, ~12!

where WA is the pump power of the mode applied fro
outside. We assume that the fluctuations entering each m
from outside are in the coherent state and are uncorrel
with each other.

Let us solve the set~8!–~10! keeping expectation value
only. Neglecting the optical saturation of the microwave o
cillations, we obtain from Eqs.~8! and ~10! in the steady
state

^A&52 i
g

GA
^B&^C&1

^FA&
GA

, ~13!

^C&52 i
g

GC
^B* &^A&. ~14!

Substituting Eqs.~13! and ~14! into Eq. ~9!, we get
04381
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^Ḃ&1^B&S GB2
g2

GC*

u^FA&u2

uGAu2 U11
g2u^B&u2

GAGC
U22D 50.

~15!

This equation has a nontrivial steady-state solution if
expression in parentheses is equal to zero. From the rea
imaginary parts of this expression, we derive equations
the amplitude and the frequency of the generated field

U11
g2u^B&u2

GAGC
U2

5
gM

g

g2

uGCu2

u^FA&u2

uGAu2
, ~16!

vb2v2

g
5

vc2vM

gM
. ~17!

The expression for the oscillation threshold can be fou
using the assumption that the right-hand side term in Eq.~16!
should exceed unity. Assuming the resonant tunings of all
fields GA5GB5g, GC5gM , introducing quality factors as
Q5v0 /(2g) and QM5vM /(2gM), recalling uFAu2/g2

54WQ/(\v0
2), and using Eq.~2!; we derive an expression

for the threshold value for the pump power

Wth5S 1

x (2)D 2
ea

2ec

128p3

Vc

QM

v0

Q2
, ~18!

where we assumed that the normalized overlapping inte
among the modes is equal to 1/2.

Let us estimate the threshold power. For realistic para
eters of a dielectric whispering gallery mode cavity coup
to a microwave resonator@18# Q533107, QM5103, and
Vc51027 cm3 we getWth'1mW.

Using Eq.~7! we rewrite Eq.~17! as

v25

vb1
g

gM
~v02vc!

11
g

gM

. ~19!

There is also a ratio between signal and idler amplitudes
the case when oscillations occur,

u^B&u2

u^C&u2
5

gM

g
. ~20!

Therefore, ifgM@g, the oscillation frequency is pulled to
the center of the corresponding optical cavity resonance,
the photon number in the optical cavity exceeds the pho
number in the microwave resonator. Otherwise the mic
wave frequency is pulled to the center of the microwa
resonance.

Let us now calculate phase diffusion in the system.
represent the field operators in form

A5~ u^A&u1dA!eifA, ~21!

B5~ u^B&u1dB!eifB, ~22!
4-3
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C52 i ~ u^C&u1dC!eifC, ~23!

wheredA, dB, anddC describe the amplitude fluctuation
andfA , fB , andfC describe the phase fluctuations of t
fields.

Keeping the linear fluctuation terms only, we derive
equation for fA2fB2fC from Eqs. ~9! and ~10!. This
equation shows that the evolution of the phase differenc
stable, hence

ḟA2ḟB2ḟC50. ~24!

On the other hand,

ḟB

g
2

ḟC

gM
5

1

g Fv22vb

g

FB1FB
†

2u^B&u
1

FB2FB
†

2i u^B&u G
2

1

gM
FvM2vc

gM

FC2FC
†

2i u^C&u
1

FC1FC
†

2u^C&u G . ~25!

Introducing phase diffusion coefficient as^f2&2(^f&)2

52Dt, and taking in mind that the output power of the si
nal and idler can be written asW2out5\v2

2 u^B&u2/Q and
WM out5\vM

2 u^C&u2/QM , we derive from Eqs.~24! and~25!

DB5
g2

~g1gM !2
DA1

g2gM
2

~g1gM !2

\v2

W2 out
S 11

~v22vb!2

g2 D ,

~26!

DC5
gM

2

~g1gM !2
DA1

g2gM
2

~g1gM !2

\vM

WM out
S 11

~vM2vc!
2

gM
2 D ,

~27!

whereDA is the diffusion coefficient for the pump field. Thi
coefficient is determined by the source of the pump. Beca
the quality factor of the whispering gallery modes may
very high ~greater than 107), we are able to get a stabl
generation in our system.

III. UP- AND DOWN-CONVERSION OF LIGHT
INTO LIGHT AND MICROWAVES

The above parametric interaction couples two light mo
and a single microwave mode. The microwave field ha
frequency nearly resonant with the frequency difference
the pump and the signal light. This picture is valid only if th
optical modes are not equidistant, otherwise the pump l
interacts with two optical modes having frequenciesvb6

.va6vc . The condition for parametric oscillations dras
cally changes in this case.

The Hamiltonian describing this system is

Ĥ5Ĥ01V̂. ~28!

Ĥ0 is the free part of the Hamiltonian

Ĥ05\vaâ†â1\vb2b̂2
† b̂21\vb1b̂1

† b̂11\vcĉ
†ĉ,

~29!
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whereva and vb6 are the eigenfrequencies of the optic
cavity modes,vc is the eigenfrequency of the microwav
cavity mode,â, b̂6 , andĉ are the annihilation operators fo
these modes, respectively.

The interaction part of the Hamiltonian is

V̂5\g~ b̂2
† ĉ†â1b̂1

† ĉâ!1adjoint . ~30!

Instead of Eqs.~8!–~10!, in this case we write

Ȧ52GAA2 ig~B2C1C†B1!1FA , ~31!

Ḃ252GB2B22 igC†A1FB2 , ~32!

Ḃ152GB1B12 igCA1FB1 , ~33!

Ċ52GCC2 ig~B2
† A1A†B1!1FM , ~34!

where

GA5 i ~va2v0!1g,

GB75 i ~vb72v7!1g,

GC5 i ~vc2vM !1gM .

A, B6 , andC are the slowly varying amplitudes of the cavi
mode operators; the optical (g) and microwave (gM) decay
rates as well as pumping forcesFA , FB6 , andFM are intro-
duced similarly to Eqs.~11! and ~12!.

Let us solve the set~31!–~34! in the steady state keepin
expectation values only. From Eqs.~32! and ~33!, we get

^B2&52 i
g^C* &^A&

GB2
, ^B1&52 i

g^C&^A&
GB1

. ~35!

Substituting Eq.~35! into Eq. ~34!, we derive@cf. Eq. ~15!#

^Ċ&1S GC2g2u^A&u2
GB12GB2*

GB1GB2* D C50. ~36!

This equation has a nontrivial steady-state solution if
expression in parentheses is equal to zero@cf. Eqs.~16! and
~17!#,

gM5
g2u^A&u2g@~vb12v1!22~vb22v2!2#

@g21~vb12v1!2#@g21~vb22v2!2#
, ~37!

vc2vM5
gM

g

~vb12v1!~vb22v2!2g2

~vb12v1!1~vb22v2!
. ~38!

Equation~37! determines the threshold of the paramet
oscillations. It shows the power of the pump light that su
tains the generation of a microwave field along with lig
sidebands. It is easy to see that no oscillations occur for
^A& if ( vb22v2)2>(vb12v1)2. On the other hand, if
(vb12v1)2@(vb22v2)2 we return to the case of usua
parametric oscillator considered in the preceding sect
Threshold pump power can be written as
4-4
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HIGHLY NONDEGENERATE ALL-RESONANT OPTICAL . . . PHYSICAL REVIEW A 66, 043814 ~2002!
W̃th5Wth

@g21~vb12v1!2#@g21~vb22v2!2#

g2@~vb12v1!22~vb22v2!2#
,

~39!

where we putGa5g, Wth is determined in Eq.~18!.
The oscillation frequencies can be found from Eq.~38!, if

we take into attention that

v65v06vM . ~40!

Analysis of Eq.~38! shows that the frequency of the micro
waves is determined either byvc , if g@gM , or by vb1

2vb2 , if gM@g. There is also a ratio between signal a
idler amplitudes similar to Eq.~20!,

u^B2&u22u^B1&u2

u^C&u2
5

gM

g
. ~41!

Let us consider, for instance, a nonlinear cavity with e
actly equidistant spectrum

vb65va6ṽc , ~42!

where ṽc is the frequency difference between the mod
The frequency of the microwave fieldvc is not necessarily
equal toṽc . ThenW̃th ~18! is inversely proportional to prod
uct (va2v0)(ṽc2vM). Therefore, there is no parametr
process for any pump power if the pump is resonant wit
cavity mode, W̃th→` if uva2v0u→0. However, as is
shown in the preceding section, the usual three-mode p
metric process is the most efficient for the case of reson
pump tuning.

Let us consider now the case wheng@gM , (vb1

2v1)2@(vb22v2)2 (u^B2&u2@u^B1&u2) and find the
phase diffusion coefficient for beat note for modesB1 and
B2 . To do this, we introduce amplitude and phase fluct
tions similar to Eqs.~21!–~23!:

A5~ u^A&u1dA!ei (fA1wA), ~43!

B65~ u^B6&u1dB6!ei (fB61wB6), ~44!

C5~ u^C&u1dC!ei (fC1wC), ~45!

where wj5^j&/u^j&u is the expectation value of the fiel
phase.

Using this approximation, we derive the following expre
sions that connect phases of the pump and the gene
fields ~cf. Ref. @3#!:

ḟA5ḟB21ḟC5ḟB12ḟC , ~46!

ḟC.
vM2vc

gM

FC2FC
†

2i u^C&u
1

FC1FC
†

2u^C&u
.

The phase diffusion of the microwave fieldfB12fB2

52fC has a diffusion coefficient
04381
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2 \vM

WM out
S 11

~vM2vc!
2

gM
2 D . ~47!

Such parametric oscillations show some similarity w
the standard four-wave interaction in media with the thi
order nonlinearity. For example, they have much in comm
with near resonant four-wave mixing produced in atomic v
pors @25#. ~i! Namely, in those experiments Stokes and an
Stokes optical fields are generated spontaneously f
vacuum, the same is expected in our case;~ii ! the frequency
difference between anti-Stokes and pump fields and pu
and Stokes fields is equal to the hyperfine splitting of
ground state of rubidium atoms, the frequency difference
determined by the frequency of the microwave field in o
case;~iii ! the threshold of the oscillations in atomic mediu
is a few microwatts for the pump power, the same level
the threshold pump power is expected in our case;~iv! in
atomic experiments, oscillation becomes possible due
long-lived atomic coherence, in our case the role of atom
coherence is played by the microwave mode;~v! phase dif-
fusion of the beat note of the Stokes and anti-Stokes fie
generated in the atomic system is determined by the ato
coherence lifetime@41#, in our case it is determined by th
quality factor of the microwave mode~47!.

However, there are differences between resonant fo
wave mixing in atomic media and in our system:~a! the
atomic medium has essentially a nonlinear response
leads, in particular, to the creation of a ‘‘dark state’’ that do
not interact with the multifrequency light@42#, there is no
such state in our nonlinear system;~b! the Stokes and anti
Stokes fields have nearly the same amplitudes in atomic
dium. In our case the fields have different amplitudes.

IV. OPTICAL COMB GENERATION

Optical comb generation can be achieved using
electro-optic modulator with external microwave pumpi
@9,10#. The resonant atomic and molecular systems may l
to efficient generation of a comb of optical frequencies wi
out such pumping@26,27#. It is also known that whispering
gallery modes result in the enhancement of Raman scatte
@28–31#. We now study the possibility of comb generation
our resonant parametric system.

Let us assume that our system consisting of a nonlin
oblate spheroid microcavity and a microwave resonato
pumped by a two-frequency light. Each mode of the pump
resonant with a mode of the cavity, and the frequency diff
ence for the pump is equal to the resonant frequency of
microwave resonator. We assume also that the cavity mo
are equidistant and the frequency difference between the
equal to the microwave frequency. This is true in the fi
approximation for the spheroid@32#. However, even the re
sidual dispersion can be compensated@33#.

Under such conditions the two optical fields generate
microwave field in our system. The microwave field intera
with the light and the interaction generates an equidist
frequency spectrum. This process is closer in similarity to
comb generation in an atomic medium@26,27# than to the
usual comb generation technique, where a microwave fi
4-5



io

t

e

pl
ti

ly

he

de

m is
urs

ue
m-
ve

a-
as

s-
sing

al

u-
av-
of
e it
in

the
pper

ter
the
of
is

MATSKO et al. PHYSICAL REVIEW A 66, 043814 ~2002!
applied to a nonlinear crystal modulates light@9,10#.
To describe the comb generation, we write the interact

Hamiltonian as

V̂5\g (
n52`

`

~ ân21
† ĉ†ân1ân11

† ĉân!1adjoint , ~48!

where ân is annihilation operator fornth cavity mode. We
assume that modes are completely identical with respec
their quality factor and coupling to the microwave field.

Using Eq. ~48!, we derive equations of motion for th
modes. For the sake of simplicity we consider the case
exact resonance for all the modes. In slowly varying am
tude and phase approximation, equations for the expecta
values of the field amplitudes are

Ȧn52gAn2 ig~An21C1C* An11!1Fn~dn,01dn,21!,
~49!

Ċ52gMC2 ig (
n52`

`

~An21* An1An* An11!, ~50!

whereFn stands for the pumping of the modes,d i , j51 if i
5 j andd i , j50 if i 5” j . In other words, we assume that on
modes withn50 andn521 are pumped.

We introduce the function

A~u!5 (
n52`

`

Aneiun, ~51!

and present the amplitude of the microwave field asC
5uCuexp(ifC). Then rewriting Eq.~49! in steady state as

An52 i
g

g
~An21C1C* An11!1

Fn

g
~dn,01dn,21!,

~52!

multiplying each of them with exp(iun) ~n corresponds to the
index of termgAn), and summarizing them over alln, we
derive

A~u!5
F01F21e2 iu

g12iguCucos~u1fC!
. ~53!

The solution for each modeAn can be written as

An5
1

2pE0

2p

A~u!e2 iundu. ~54!

Equation~53! contains unknown constantsuCu and fC . To
find them we write Eq.~50! in the steady state

C52 i
g

gM
(

n52`

`

~An21* An1An* An11! ~55!

and substitute thereAn ~52!. This gives usfC52p/2
1arg (F21* F0) and equation foruCu,
04381
n

to

of
i-
on

uCu5
g

ggM
(

n52`

`

uAn21* Fn1Fn* An11u~dn,01dn,21!

5
2g

pgM
uF21* uuF0u E

0

2p sin2~u1fC!du

g214g2uCu2 cos2~u1fC!

5
4g

gM

uF21* uuF0u

4g2uCu2 SA11
4g2uCu2

g2
21D . ~56!

The solution of this equation yields the amplitude of t
microwave field.

Finally, we note that the actual time-dependent amplitu
of the light can be written as

A~ t !5e2 iv0t (
n52`

`

Ane2 ivMnt, ~57!

wherev0 is the carrier frequency of the mode withn50.
Exchangingu with 2vMt in Eqs.~53! and ~54!, we derive

A~ t !5
F0e2 iv0t1F21e2 i (v02vM)t

g12iguCucos~vMt2fC!
. ~58!

Let us note here that the signal generated in our syste
different from the usual phase modulated signal. This occ
because of the saturation of the oscillation.

The width of the frequency comb is determined by val
guCu/g. To have a wide spectrum this value should be co
parable with unity. Assuming that both pump harmonics ha
the same powerWA and, therefore,uF21u'uF0u we get

g2

ggM

uF21uuF0u

g2
5

WA

Wth
>1,

whereWth is the threshold power for the parametric oscill
tion ~18!. As we discussed above, this power can be as low
a few microwatts for realistic conditions. Therefore it is po
sible to generate a broad frequency comb in our system u
a small pump power.

V. MULTIMODE REGIME OF PONDEROMOTIVE
PARAMETRIC INSTABILITY

It was shown recently that long-baseline gravitation
wave detectors may suffer from parametric instability@23#.
This instability arises from ponderomotively mediated co
pling between the mechanical oscillations of suspended c
ity mirrors and the probe light that is used for detection
the mirrors’ signal shift. The effect is undesirable becaus
might create a specific upper limit for the energy stored
the cavity. The sensitivity of the detection increases with
light power and, hence, such a process might pose an u
limit on the measurement sensitivity.

Since the planned circulating power in the interferome
is about 1 MW, it was shown that the power exceeds
threshold for parametric oscillations by almost a factor
300 for realistic conditions, if the optical mode spectrum
4-6
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not equidistant~three-wave description of the parametr
process is valid! @23#.

We can easily describe the ponderomotive parametric
stability using the technique presented above. In fact the
teraction between the mirrors’ mechanical oscillations a
optical modes can be characterized by either Eqs.~8! and~9!
or Eqs.~31!–~34!, whereC describes mechanical oscillation
and the coupling factorg is appropriately chosen.

Let us consider a Fabry-Perot interferometer with o
movable mirror that has massm and mechanical resonanc
frequencyvc ~Fig. 2!. The distance between the mirrors
the resonator is equal toL. Then the coupling constant be
tween the mechanical degrees of freedom of the mirror
optical modes is

g5
va

L
A \

2mvc
. ~59!

In the case of a nonequidistant mode spectrum, we m
consider only two optical modes and a mechanical mode
use Eqs.~8! and~9! that gives us the result of Ref.@23#. The
threshold power for the oscillation for resonant tuning of t
pump laser follows from

FIG. 2. Fabry-Perot cavity with movable mirror. Parametric
stability is possible due to ponderomotive nonlinearity.
rs

b

.

,

m

04381
-
n-
d

e

d

y
d

2Wth

g

2QQM

mvM
2 L2

51. ~60!

In the case of nearly equidistant modes we should
Eqs. ~31!–~34!. Then the threshold power increases acco
ing to Eq.~39!. Since for long-base interferometers the ma
longitudinal mode spectrum is almost equidistant, we mi
expect that the threshold of the parametric oscillation w
increase significantly. A problem may arise, however, due
transverse modes of the system. Therefore, to understa
the system is stable one needs to consider exact mode s
ture of a particular system.

VI. CONCLUSION

We have shown that a strongly nondegenerate multi
quency parametric oscillator possesses different propertie
compared with the usual three-wave OPO. As an exampl
such an oscillator, we have studied a scheme for an
resonant optical-microwave parametric oscillator based
whispering gallery modes excited in a nonlinear dielect
optical cavity and in a long-base cavity with moving walls
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